Abstract. The notion of o-polynomial comes from finite projective geometry. In 2011 and later, it has been shown that those objects play an important role in symmetric cryptography and coding theory to design bent Boolean functions, bent vectorial Boolean functions, semi-bent functions and to construct good linear codes. In this note, we characterize o-polynomials by the Walsh transform of the associated vectorial functions.
Introduction
In all this paper, n is a positive integer. The projective space P G(2, F 2 n ) is a pointline incidence structure whose points are the one-dimensional vector subspaces of F 3 2 n , whose lines are the two-dimensional vector subspaces of F 3 2 n , and where a point is incident with a line if and only if the one-dimensional vector subspace corresponding to the point is a subspace of the two-dimensional vector subspace corresponding to the line. A set of k points such that no three of them lie in a common line is called a k-arc. The maximum cardinality k of an arc in P G(2, 2 n ) is 2 n + 2. An oval of P G(2, 2 n ) is an arc of cardinality 2 n + 1. A hyperoval of P G(2, 2 n ) is an arc of maximum cardinality 2 n + 2. A hyperoval O of P G(2, 2 n ) containing the fundamental quadrangle (that is, the set of points (1, 0, 0), (0, 1, 0), (0, 0, 1) and (1, 1, 1)) can be described as O = {(1, t, G(t)), t ∈ F 2 m }∪ {(0, 1, 0), (0, 0, 1)} for some polynomial G that is called an o-polynomial. Those polynomials can be characterized as follows: 
Recently, in [1] , has been discovered a relation between Niho bent functions and o-polynomials when n is even. Niho bent functions are those Boolean functions over F 2 n whose restrictions to F 2 n 2 are linear. It has been shown that each Niho bent function corresponds to an o-polynomial and that each o-polynomial gives rise to Niho bent functions. Further, it has been shown in [4] , that o-polynomials also give rise to infinite families of semi-bent functions in even dimension. Very recently, new connections between bent vectorial functions and the hyperovals of the projective plane (extending the link provided in [1] between bent Boolean functions and the hyperovals) as well as a connection between o-polynomials in even characteristic and 2 r -ary simplex codes have been established in [5] . Furthermore, Ding has provided a nice article [2] where o-polynomials are employed to construct linear codes.
In this note, we present a new characterization of o-polynomials by means of their Walsh transform.
Preliminaries
Given a finite set E, |E| denotes the cardinality of E. Recall that for any positive integers k, and r dividing k, the trace function from F 2 k to F 2 r , denoted by T r k r , is the mapping defined for every x ∈ F 2 k as:
In particular, the absolute trace occurs for r = 1. We shall denote tr n the absolute trace function T r n 1 . Let m be a positive integer and F :
A characterization of o-polynomials
Consider a polynomial over F 2 n and its associated function from F 2 n to F 2 n . We shall denote the polynomial by F (X) and the function by F (x). It is well-known (see e.g. [1] ) that F (X) is an o-polynomial if and only if, for every a and b = 0 in F 2 n , the equation F (x) + bx = a has 0 or 2 solutions (and we know that F is then a permutation). Consider the polynomial over R equal to X(X −2) 2 = X 3 −4X 2 +4X. It takes value 0 when X equals 0 or 2 and takes strictly positive value when X is in N \ {0, 2}. We have then that |{x ∈ F 2 n ; F (x) + bx + a = 0}| 3 − 4 |{x ∈ F 2 n ; F (x) + bx + a = 0}| 2 +4 |{x ∈ F 2 n ; F (x) + bx + a = 0}| ≥ 0, and F (X) is an o-polynomial if and only if this inequality is an equality for every nonzero b ∈ F 2 n and every a ∈ F 2 n . Equivalently, we have a,b∈F 2 n ,b =0 |{x ∈ F 2 n ; F (x) + bx + a = 0}| 3 − 4 |{x ∈ F 2 n ; F (x) + bx + a = 0}| 2 +4 |{x ∈ F 2 n ; F (x) + bx + a = 0}| ≥ 0, and F (X) is an o-polynomial if and only if this inequality is an equality. We shall now characterize this condition by means of the Walsh transform. We have:
and therefore, for j ≥ 1:
and using that a∈F 2 n (−1) trn(va) is nonzero for v = 0 only and takes then value 2 n , we deduce that
and that
We have b∈F * 2 n
Theorem 3.1 Let F be any (n, n)-function and F (X) be the associated polynomial over F 2 n . Then:
and this inequality is an equality if and only if F is an o-polynomial.
We deduce:
Corollary 3.2 Let F be any (n, n)-function and F (X) be the associated polynomial over F 2 n . Then:
Remark 3.3
Observe that, when F is an o-polynomial, we have: Now, |{z ∈ F 2 n | F (z + γ) + F (γ) + bz = 0}| = 2 for every γ ∈ F 2 n according to 
